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Frenkel-Zhu fusion rule , [Z] ( )
.
Frenkel-Zhu fusion rule .
$V$ mlmissible $M$ , Zhu $M$
Zhu $A(M)$ . $M^{:}(i=1,2,3)$ admissible V-
. [FZ] $(\begin{array}{l}M^{3}M^{\mathrm{l}}M^{2}\end{array})$ intertwining
$\mathrm{H}\mathrm{o}\mathrm{m}_{A(V)}(A(M^{1})\otimes_{A(V)}\Omega(M^{2}), \Omega(M^{3}))$




$M$ $L_{0}$ $M=\oplus_{n=0}^{\infty}M(n+h)(h\in \mathrm{C})$
. , $a\in V$ ,
$F_{M}(a, q)=\mathrm{T}\mathrm{r}|_{M}o(a)q^{L(0)-\mathrm{c}_{V}/24}=q^{h-c\nu/24}$ n\Sigma \infty =0 n|M(h+n)o(a) $)$ qn
( q-trace ). $V$ $C_{2}$ ,
$a_{-2}b(a,b\in V)$ $V$ $V$
, $V$ Virasoro
. , $a\in V$ , q-trace $F_{M}(a, q)$
$\{q\in \mathrm{C}||q|<1\}$ , $q^{h-\mathrm{c}_{V}/24}$ $\{q\in \mathrm{C}||q|<1\}$
. , $F_{r1\mathrm{f}}(a, e^{2\pi}):T$ $S_{M}(a, \tau)$




$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V, \mathcal{F}_{1})$ , $SL_{2}(\mathrm{Z})$ . , $V$
$C_{2}$ Virasoro ,
$M^{i}(i=1,2, \cdots, d)$ , $S_{1J^{1}}.(i=1,2, \cdots,d)$ $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V,\mathcal{F}_{1})$
. $V$ , $V$
$V$ , $\mathrm{w}\mathrm{t}(a)$ $a$ $S_{V}(a, \tau)$
, $\mathrm{w}\mathrm{t}(a)$ .
2Intertwining , Fusion Rule
, [FHL] intertwining fusion rule .
2.1 $(M^{i}, \mathrm{Y}_{\mathit{1}\iota \mathrm{f}^{j}})(i=1,2,3)$ ad ssible $V$ - . $(\begin{array}{l}M^{3}M^{1}M^{2}\end{array})$
intertwining , $\mathcal{Y}$ : $M^{1}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(M^{2}, M^{3})\{z\}$ $a\in V,$ $u\in M^{1}$
$v\in M^{2}$ :
(1) $n\in \mathrm{C}$ , $k$ $u_{n+k}v=0$ ,
(2)(Jacobi )
$z_{0}^{-1} \delta(\frac{z_{1}-z_{2}}{z_{0}})\mathrm{Y}_{\mathit{1}1\mathrm{f}^{3}}(a, z_{1})\mathcal{Y}(u, z_{2})-z_{0}^{-1}\delta(\frac{z_{2}-z_{1}}{-z_{0}})\mathcal{Y}(u, z_{2})\mathrm{Y}_{M\sim},(a,z_{1})$
$=z_{2}^{-1} \delta(\frac{z_{1}-z_{0}}{z_{2}}.)\mathcal{Y}(\mathrm{Y}_{M^{1}}(a, z_{0})u,$ $z_{2})$ , (2.1)
(3)(L(-y- )
$\frac{d}{dz}\mathcal{Y}(u,z)=\mathcal{Y}(L(-1)u, z)$ . (2.2)
, Jacobi (2.1) ; $a\in V$
$u\in M^{1}$ ( ,
$[a_{n},u_{rn}]= \sum_{i=0}^{\infty}(\begin{array}{l}ni\end{array})(a_{i}u)_{n+r\prime\iota-i}$ . (2.3)




$(M^{i},\mathrm{Y}_{M^{j}})(i=1,2\backslash 3)$ admissible $V$- . , $-\mathrm{t}/I’$
.
$h_{i}\in \mathrm{C}$ $L_{0}$ $M^{i}=\oplus_{n\in \mathrm{N}}M^{i}(h_{i}+n)$
. $\mathcal{Y}$ $(\begin{array}{l}M^{3}M^{1}M^{2}\end{array})\not\leqq \mathrm{i}\text{ }$ intertwining , $\mathcal{Y}$
$u\in M^{1}$ ,
$\mathcal{Y}(u,z)\in z^{-h_{1}-;_{t}+h_{3}}\underline’ \mathrm{H}\mathrm{o}\mathrm{m}(M^{2}, M^{3})[[z, z^{-1}]]$
. $\mathcal{Y}(u, z)=\Sigma_{\iota\in \mathrm{Z}},u(n)z^{-\prime\iota-1-h_{1}-h_{\sim}+;_{\iota_{3}}}$’ . $\mathit{0}$ :
$M^{1}arrow \mathrm{H}\mathrm{o}\mathrm{m}(M^{2}, M^{3})$ $u\in M^{1}(h_{1}+k)$ , $o(u)=u(k-1)$ , $u$
$M^{1}$ . , .
2.2 $u\in M^{1}$ , $o(u)\Omega(M^{2})\subset\Omega(M^{3})$ .
, (2.3) $\Omega(M^{i})(i=2,3)$ .
3hemloel-Zhu A(V)-
, $\mathit{0}:M^{1}arrow \mathrm{H}\mathrm{o}\mathrm{m}(M^{2}, M^{3})$ $(\begin{array}{l}M^{3}M^{1}M^{2}\end{array})$
intertwining . , [FZ]
admissible $V$- Zhu $A(V)$ .
$M$ mlmissible $V$- . $a\in V$ $u\in M$ ,
a $\mathrm{o}u={\rm Res}_{z}\frac{(1+z)^{\mathrm{w}\mathrm{t}(u)}}{z^{2}}\mathrm{Y}_{M}(a, z)u$
, $O(M)$ $a\circ u$ $M$ . $A(M)=M/O(M)$
. $a\in V$ $u\in M$ ,
$a*u={\rm Res}_{z} \frac{(1+z)^{\mathrm{w}\mathrm{t}(u)}}{z}\mathrm{Y}_{\mathit{4}\mathrm{v}}(a,z)u$ ,
$u*a={\rm Res}_{z} \frac{(1+z)^{\mathrm{w}\mathrm{t}(a)-1}}{z}\mathrm{Y}_{M}(a,z)u$
, $a$ $V$ .
3.1([FZ, Theorem 151])
$\rho\iota$ : $Varrow \mathrm{E}\mathrm{n}\mathrm{d}M,a\vdasharrow\rho_{L}(a)$ : $uarrow a*u$
$\rho_{R}$ : $Varrow \mathrm{E}\mathrm{n}\mathrm{d}M,a\ovalbox{\tt\small REJECT}\mapsto\rho_{R}(a)$ : $uarrow u*a$
10
$t1$ $A(M)$ Zhu $A(V)$ .
. $A(M)$ A(V)- .
22
$I_{V}(\begin{array}{l}M^{3}M^{1}M^{2}\end{array})$ $arrow \mathrm{H}\mathrm{o}\mathrm{m}(M^{1}\otimes_{\mathrm{C}}\Omega(M^{2}), \Omega(M^{3}))$, (3.1)
$\mathcal{Y}1arrow \mathit{0}:u\otimes v\vdash ro(u)v$
.




$I_{V}(\begin{array}{l}M^{3}M^{1}M^{2}\end{array})$ $arrow \mathrm{H}\mathrm{o}\mathrm{m}_{A(V)}(A(M^{1})\otimes_{A(\iota’)}.\Omega(M^{2}), \Omega(M^{3}))$, (3.2)
$\mathcal{Y}$ $\vdasharrow \mathit{0}:u\otimes v\vdasharrow o(u)v$
. Jacobi intertwining
, .
33([FZ, Theorem 153]) a .ssible $V$ - $M^{i}(i=1.2.3)$ ,
(3.2) .
, $V$ , .
34([Li, Corollary 213]) $V$ , a .ssible $V$ - $M^{i}$
$(i=1.2.3)$ , (3.2) .
4
$(V, \mathrm{Y}, 1, \omega)$ , $\mathrm{Y}[\cdot, z]$ .
$a\in V$ ,
$\mathrm{Y}[a, z]=\mathrm{Y}(e^{zL_{0}}a,e^{z}-1)$ .
, $\tilde{\omega}=\omega-\frac{c}{2}\mathrm{k}4$ , ( $V,$ $\mathrm{Y}[\cdot,$ $z],$ $1$ , )
( $[\mathrm{Z}$ , Theorem 421]). $a\in V$ , $\mathrm{Y}[a, z]=\sum_{n\in \mathrm{Z}}a[n]z^{-n-1}$ ,
$L[n]=\tilde{w}[n+1](n\in \mathrm{Z})$ . , $V$ $L[0]$
. $a\in V$ $L[0]$ $n$ , $a$
$L[0]$ , $n=\mathrm{w}\mathrm{t}[a]$ .
11
4.1 $V$ . $C_{z},(V)$ $a_{-2}b(a, b\in V)$
$V$ . , $V$ $C_{\wedge}.$,- , $C_{2}(V)$ $V$
.
$M$ $V$- $L_{0}$ $M=\oplus_{n=0}^{\infty}M(h+n)(h\in \mathrm{C})$
. , $a\in V$ $M$ q-trace
$F_{M}(a, q)$ $=$ n|.\acute |Io(a)qL 4
$=$ $\sum_{n=0}^{\infty}(\mathrm{T}\mathrm{r}|_{\mathfrak{i}4_{\mathfrak{n}}}.\prime o(a))q^{h_{4}+n}-\frac{\mathrm{c}}{2}\mathrm{K}\in q^{h_{4}}-\frac{\mathrm{c}}{2}\mathrm{K}\mathrm{C}[[q]]$ (4.1)
. q-trace . $a,$ $b\in V$ ,
$F_{M}(a[0]b, q)$ $=$ $0$ , (4.2)
$F_{M}(a[-1]b,q)$ $=\mathrm{n}|_{M}o(a)o(b)q^{L\mathrm{o}_{4}^{-\frac{\mathrm{c}}{2}\mathrm{K}}}$




. (4.3) , $a$ $L[-1]a$ , $L[-1]$- (4.2)
$F_{M}(a[-2]b+ \sum_{k=1}^{\infty}(2k-1)\tilde{E}_{2k}(q)a[2k-2]b,q)=0$ , (4.4)
. $a\in V$ , $a$ $n\geq 1$ $L_{\iota},a=0$
, q-trace (4.3)
$F_{M}(L[-2]a,q)=(q \frac{d}{dq}-\frac{\mathrm{C}\gamma}{24}+\mathrm{w}\mathrm{t}(a)\tilde{E}_{2}(q))F_{M}(a,q)$ (4.5)
. $a\in V$ . , (4.2)-
(4.5) $b=L[-n_{1}]\cdots L[-n_{k}]a(n:\in \mathrm{Z}_{>0})$ q-trace $F_{\mathit{1}}\backslash I(b, q)$
, $\mathrm{C}[\tilde{E}_{2}(q), \tilde{E}_{4}(q),\tilde{E}_{6}(q)]$ $(q \frac{d}{dq})^{i}F_{\mathit{1}\mathrm{v}}(a,q)(i\geq 0)$






42[$\mathrm{Z}$ , Theorem 441] $V$ $C_{2}$ - , Virasoro
. , V- $M$ $L_{0}$
$M=\oplus_{1=0}^{\infty},M(h+n)(h\in \mathrm{C})$ , q-trace
$F_{t\mathit{1}},.(a, q)$ $a\in V$ $\{|q|<1\}$ , $\tilde{F}_{1J}.(a, q)$ ,
$\{|q|<1\}$ $f(q)$ ,
l \check (a, $q$) $=q^{h-c\mathrm{v}/24}f(q)$
.
$a\in V$ ,
$S_{M}(a, \tau)=\tilde{F}_{M}(a, e^{2\pi i\tau})$
, 42 $S_{t\mathrm{Y}I}(a, \tau)$ $H=\{{\rm Im} z>0\}$
. , $a\in V$ . ,
$S_{M}$ : $Varrow \mathcal{F}_{1}=$ { $H$ }, $a|arrow S_{M}(a, \tau)$
.
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V, \mathcal{F}_{1})$ $SL_{2}(\mathrm{Z})$
: $S\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V, \mathcal{F}_{1})$ $L[0]$ $a\in V$ ,
$A=(\begin{array}{ll}\alpha \beta\gamma \delta\end{array})\in SL_{2}(\mathrm{Z})$ ,
$S|_{A}(a, \tau)=(\gamma\tau+\delta)^{-\mathrm{w}\mathrm{t}[a]}S(a,$ $\frac{\alpha\tau+\beta}{\gamma\tau+\delta})$
, $a$ $V$ . , .
43( $[\mathrm{Z}$ , Theorem 532]) $V$ , $C_{2}$ - , Vi-
rasoro . $M^{1},$ $\ldots,$ $M^{d}$
$V$ - . :
(1) $S_{M^{1}},$ $\ldots,$ $S_{M^{d}}$ $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V, \mathcal{F}_{1})$ .
(2) S7 1, . . . , S ’ $d$ $\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(V, \mathcal{F}_{1})$ $SL_{2}(\mathrm{Z})$ .
$V$ , $V$- $V$ .
43 $S_{V}$ $\mathrm{H}\mathrm{o}\mathrm{m}(V, \mathcal{F}_{1})$ $SL_{2}(\mathrm{Z})$ $\mathrm{A}\backslash$
. , $a\in V$ $L[0]$ $\mathrm{w}\mathrm{t}[a]$ , $S_{V}(a, \tau)$
$A=(\begin{array}{ll}\alpha \beta\gamma \delta\end{array})$ , $V$ $\kappa$ ,
$(S_{\iota^{r}}.)|_{d}4(a, \tau)$ $=$ $(\gamma\tau+\delta)^{-\mathrm{w}\mathrm{t}[a]}S_{V}(a,$ $\frac{\alpha\tau+\beta}{\gamma\tau+\delta})$
$=\kappa S_{\mathrm{t}’}(a, \tau)$
13
. , $\kappa\ovalbox{\tt\small REJECT} 1$ $S_{[]},arrow\tau$) wt
. $V$ $\mathrm{c}\mathrm{h}_{V}(q)\ovalbox{\tt\small REJECT} S_{V}(1, \tau),$ $q\ovalbox{\tt\small REJECT} e^{2\ovalbox{\tt\small REJECT}}$”
.
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